One of the unique characteristics of hyperbolic metamaterials (MMs) is the possibility of accessing various regimes of extreme anisotropy. Here, we propose a MM based on periodic layers of hafnium oxide (HfO 2 ) and monolayer graphene. Based on the fact that graphene permittivity can be controlled by changing its chemical potential via externally applied electric voltage, we theoretically investigate the anisotropic behavior of the proposed MM as the function of the external electrical bias. Based on our findings, we provide examples of possible nanophotonic device applications based on such tunable hyperbolic MMs. Prototypes of a polarizer, a modulator, and a MM-assisted tunable coupler are investigated at the 1550 nm communication wavelength. Additionally, we show that the high tuning efficiency of MMs allows a miniaturized device to be realized with enhanced functionality per area for photonic integration.
INTRODUCTION
The advent of metamaterials (MMs) in the past two decades has led to a variety of new possibilities for the control of electromagnetics, with a potentially transformative impact in the design of integrated photonic circuits. Squeezing, tunneling, and confining below the light diffraction limit are some of the effects enabled by optical MMs [1] [2] [3] . Various novel structures based on plasmonic effects have been proposed and investigated over the past decade to redesign optical components, such as filters, modulators, and sensors, with high tuning efficiency and considerably miniaturized device size [4] [5] [6] [7] [8] [9] . As an example, epsilon-near-zero (ENZ) MMs have been exploited to produce strong field enhancement over small spatial regions, which in turn can be exploited to enhance the interaction between optical field and the material in these regions. By utilizing the extraordinary properties of electromagnetic propagation in ENZ material for the design of photonic devices can increase the bandwidth of operation, decrease the power consumption, and increase the functionality per area (FPA) [10, 11] , which is a basic figure of merit for integrated photonic devices. The rapid advancement of nanotechnology also enabled the creation of various types of MMs, which led to a variety of novel ideas and applications such as cloaking and sub-diffraction imaging [12] [13] [14] [15] [16] [17] .
To exploit MM properties in active optoelectronic applications such as modulation and switching, it is necessary to have a tuning mechanism for the electromagnetic properties of the structures and/or the constituent materials. Graphene, which has been investigated extensively over the past decade, appears to be an excellent candidate for providing such tunability. The complex refractive index of graphene is a function of its chemical potential, which can be controlled by external electrical biasing [18] . The combination of graphene and a MM in plasmonic structures can provide unprecedented functionality and tunability for integrated photonic circuits. More specifically, a MM composed of periodic graphene and dielectric layers can create a highly efficient tunable hyperbolic medium, ideal for electro-optic device applications [19] . In not only the NIR region, but also in the terahertz region, layered graphene structures have shown excellent performance in the form of different devices, such as quarter-wave plates [20] and amplifiers [21] .
In this work, we propose an active MM composed of periodic layers of hafnium oxide (HfO 2 ) and a single layer of graphene, and theoretically analyze its basic properties. Because of the tunability of graphene permittivity through the change of its chemical potential, the proposed MM offers electronic control of its anisotropic optical properties. As application examples of this MM, we provide structural design and performance assessment of several functional devices, including polarizers, electro-optic modulators, and directional couplers, for operation at the 1550 nm optical communication wavelength. While conventional polarizers and directional couplers have fixed values of extinction ratio and coupling coefficient upon which the devices are made, the proposed polarizers and couplers are electrically tunable. In comparison to existing silicon photonic electro-absorption (EA) modulators based on a single layer or two layers of graphene [22, 23] , the electro-optic modulation efficiency of the proposed modulator is much higher, depending on the layers of graphene used, and thus the device footprint can be greatly reduced.
DESIGN AND OPTICAL PROPERTIES OF MM
The unit cell of the MM proposed here is formed by two different materials of permittivities ε 1 and ε 2 with thickness d 1 1 . This type of artificial material is inherently anisotropic. Additionally, the selection of materials with permittivities of ε 1 and ε 2 and coefficients c 1 and c 2 provide the degrees of freedom required for the design of complex media for various applications. The periodicity d of the layered MM must be much smaller than the operating wavelength, such that the incident EM waves should see it effectively as a homogeneous medium rather than a multilayer material. Considering the periodicity along the y axis (perpendicular to the graphene plane) indicated in Fig. 1(a) , the permittivity tensor of the anisotropic MM can be represented as
where ε T and ε L represent the transvers and longitudinal permittivities, respectively, of the anisotropic MM. This structure has been extensively studied by several groups for different purposes, with an emphasis on the hyperbolic dispersion properties arising when Signε L ≠ Signε T [12] [13] [14] [15] . Considering the feasibility of the proposed structure, a HfO 2 layer and a monolayer graphene have been chosen to frame the unit cell of the MM. The schematic of the MM is shown in Fig. 1(a) . Graphene layers are interleaved for connection to the opposite sides of an electrode, which allows electrical biasing to change the chemical potential μ c . The standard mathematical model of HfO 2 permittivity ε HfO 2 in the 1550 nm wavelength window is used [24] . The well-known Kubo formula [18] is used to represent the single layer graphene conductivity:
which is the combination of the inter-band and intra-band absorptions represented by the first and the second terms, respectively. ω is the optical frequency, e is the electron charge, ℏ h∕2π is the reduced Planck constant, and f d 1∕e ε−μ c ∕k B T 1 is the Fermi-Dirac distribution function. ε is the energy, k B is Boltzmann's constant, T 300 K is the absolute temperature, Γ 5 meV is the scattering parameter, and μ c is the chemical potential. The conductivity predicted by Eq. (2) can be converted into an in-plane complex permittivity based on ε ∥ GR 1 − jσ∕ωε 0 δ g , where ε 0 is the free space permittivity, and δ g 0.34 nm is the thickness of monolayer graphene. It is worth noting that the permittivity perpendicular to the graphene plane, ε Fig. 1(b) . This provides the mechanism of tuning ε T of the proposed MM electronically. It is evident from Fig. 1(b) that within the chemical potential range from 0.57 to 2 eV, as marked by two vertical dashed lines, the imaginary part of ε ∥ GR is nearly zero and remains almost invariant, while the real part of ε ∥ GR becomes more negative with the increase of chemical potential. To achieve such a high level of chemical potential, a high electric field is needed that requires the dielectric material to have high electrical breakdown field, E bd . Normally, bulk HfO 2 has an E bd of lower than 1 MV/cm. However, when its thickness goes down to nanometer scale, E bd becomes significantly higher and attains a breakdown electric field as high as E bd ≈ 60 MV∕cm [25] . The breakdown of nanometer-thick HfO 2 film is most likely initiated by bond rupturing rather than point defects, as happens in bulk HfO 2 [25] .
In our modeling of a MM, the design parameters are taken as d T 3 nm for the periodicity, d 1 0.34 nm for the thickness of the monolayer graphene, and d 2 2.66 nm for the HfO 2 film. Following the permittivity tensor of Eq. (1) for anisotropic MM, ε T and can be represented as
where c 1 0.11333, c 2 0.88667, ε ⊥ GR 1. ε ∥ GR and ε HfO 2 can be obtained from a standard formula as mentioned previously [18, 19] . It is clear from Eq. (2) that only ε T is tunable as a function of chemical potential through ε ∥ GR . Considering the design parameters and the thickness of HfO 2 layer, an external voltage tuning from 1.1 to 13.75 V is required to change the chemical potential of graphene from 0.57 to 2 eV. This was obtained from the oxide capacitance calculation [18] , with μ c ℏv F ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi πε Within this voltage range, the maximum electric field strength inside the dielectric HfO 2 layer will be 51.7 MV/ cm, which is still less than the breakdown field of nanometerthick HfO 2 [24] . Since the permittivity perpendicular to the graphene plane is ε In the lower chemical potential range from 0 to 0.8 eV, although the real part of transversal permittivity remains positive, there is a drastic change in the imaginary part, which represents the change of material loss for an optical signal polarized along the transversal direction. Therefore, based on specific application and desired functionality, we can select the proper range of chemical potential to design photonic devices in which a MM offers the maximum performance and tuning efficiency. We can also dope the graphene with a chemical potential at the middle of the operation region, and thus reduce the maximum externally applied voltage to avoid electric breakdown in the HfO 2 layers.
APPLICATIONS
Based on the optical properties of the proposed MM shown in Fig. 2(a) , it can be utilized to implement various photonic devices in an integrated photonic circuit platform. In this section, we describe a few possible photonic devices, including polarizers, modulators, and tunable directional couplers, that can be made with the proposed MM. The expected performance of these devices is provided through modeling and numerical simulations.
A. Polarizer
The basic working principle of an optical polarizer is to pass or block the optical signal of a specific state of polarization [26] .
The schematic diagram of the polarizer based on the proposed MM is shown in Fig. 3 . The orientation of the MM is in such a way that the layers of HfO 2 and monolayer graphene are stacked along the y direction, and the propagation direction of the EM wave is along the positive z direction, as shown in Fig. 3 .
In this particular orientation, x-polarized and y-polarized EM waves see the MM as an isotropic medium with permittivities ε T and ε L , respectively. Since longitudinal relative permittivity ε L of the MM is a real number that is independent of the graphene chemical potential, there is no path loss for an optical signal polarized in the y direction when propagating through the MM. On the other hand, the transversal permittivity ε T of the MM is complex, and is a function of graphene chemical potential, as shown in Fig. 2 , and, thus, an x-polarized optical signal will suffer from a loss when propagating through the MM. The path loss of an x-polarized EM wave as a function of graphene chemical potential is shown in Fig. 4 . Since ideally there is no path loss for y-polarized EM waves, Fig. 4 also represents the extinction ratio of the polarizer.
Noticeably, within the range of chemical potential from 0.5 to 1.4 eV, the extinction ratio is very low and the MM is essentially not polarization selective in this region. Apart from this range, the extinction ratio of the polarizer is largely tunable and can reach as high as 48 dB/μm at 2 eV of chemical potential. Without applying the bias voltage, the extinction is of the order of 16 dB/μm, which corresponds to an approximately 97% degree of polarization (DoP).
B. Modulator
An electro-optic modulator is one of the basic components to encode an electronic signal onto an optical carrier [7, 10, 11] . The schematic diagram of a modulator based on the proposed MM is shown in Fig. 5(a) . The proposed MM is embedded at the middle of the silicon ridge waveguide of cross section 420 nm × 300 nm, which can be fabricated on a silicon-oninsulator (SOI) wafer. As the fundamental mode guided by the waveguide has the maximum field intensity at the central position of the waveguide, imbedding the MM in the middle of the waveguide allows the strongest interaction between the guided mode and the MM.
As the embedded MM layers are parallel to the x-z plane, the x-polarized fundamental mode can be modulated by changing the chemical potential of graphene. Additionally, increasing the MM thickness at the middle of the waveguide will increase the interaction between the modal field and the MM. The propagation loss of the x-polarized fundamental mode is calculated for two different MM layer thicknesses, and the results are shown in Fig. 5(b) . For each thickness, the maximum and the minimum modal loss are found at 0 and 0.8 eV chemical potential, respectively. Therefore, binary electro-optic modulation can be accomplished by switching the chemical potential between 0 and 0.8 eV by changing external application of voltage 0 and 2 V, respectively, to achieve optical modulation depths of 0.73 dB/μm for 15 nm MM thickness and 1.4 dB/μm for 30 nm MM thickness. This is about 1 order of magnitude higher than silicon photonic modulators based on a single layer or two layers of graphene [27, 28] . For a 13 dB modulation depth usually required in fiber-optic communications, device lengths of 10 and 18 μm will be needed. The modulation speed of the modulator depends mainly on the capacitance formed by each pair of graphene layers that form the MM. Based on a straightforward estimation, the capacitance of the 30 nm MM is approximately 0.3 pF/μm. For a 10 μm modulator length to achieve 13 dB modulation depth, and assuming a 50 Ω matched load impedance, the modulation bandwidth is about 2.5 GHz. This is comparable to the 1 GHz bandwidth of the similar graphene-based EA modulators reported in [22, 23] , except where the modulator length is much longer but the capacitance per unit length is smaller.
C. Directional Coupler
Directional coupler is one of the most important basic building blocks to construct a photonic circuit. When two waveguides are placed in close proximity, optical power from one waveguide can be transferred to the other waveguide and vice versa via evanescent field coupling. The coupling coefficient depends not only on the separation between the two waveguides, but it also depends on the optical properties of the material in the coupling region that separates the two waveguides. Conventionally, the dielectric material in the coupling region is homogeneous, such as silica or air. Here, we propose to insert the tunable anisotropic MM discussed above as the dielectric spacer between the two waveguides in the coupling region. This will allow dynamic tuning of the coupling coefficient.
The basic cross-section structure in the coupling region of a photonic coupler is shown in Fig. 6(a) , in which two planar waveguides (WG 1 and WG 2 ) are separated by an anisotropic medium. Although numerical simulation can be used to calculate the coupling coefficient, theoretical formulation and analysis are important to understand the basic physical mechanisms and design rules. To simplify the analysis, the guided fundamental modes are first studied in the structure shown in Fig. 6(b) , in which one side of the waveguide is the anisotropic medium and other side is air.
In this analysis we assume ε air < ε am < ε WG , where ε air , ε am , and ε WG are the permittivities of air, the anisotropic medium, and the waveguide, respectively. The planar structure is infinitely extended along the y direction and the guided mode is propagating along the z direction. For the sake of simplicity, orientation of the anisotropic material is chosen in such a way that it holds the relation ε x ε z ≠ ε y , where ε represents the permittivity along the direction indicated by the subscript. Thus, the relation between the electric fieldẼ and the electric flux density tensorD can be expressed as
Considering the electric field orientation, the guided fundamental modes of the planar waveguide can be classified into TE mode and TM mode [29] . The TE mode has field components H x , E y , and H z , and, based on Maxwell's equations, their relationship can be written as
where β TE is the propagation constant of the guided TE mode. For the air and the waveguide medium with permittivities ε 0 and ε WG , respectively, the wave equations are isotropic in both regions. In the anisotropic medium, because the electric field Research Article has only the E y component, the medium is equivalently isotropic with a permittivity ε y . Therefore, for the TE mode, the wave equation can be simplified as
where ε represents ε 0 , ε WG , and ε y for air, the waveguide, and the anisotropic medium, respectively. Similarly, for the TM mode with E x , H y , and, E z , Maxwell's equations relating these field components are
where β TM is the propagation constant of the guided TM mode. Since the electric field has both E x and E z components, the permittivity along the x and the z directions have to be used in the TM mode field equations. However, considering the orientation of the anisotropic material, permittivities along the x and z directions are equal, and thus ε can be replaced by ε x in the anisotropic medium in this case. Therefore, the wave equation for the TM mode is
where ε represents ε 0 , ε WG , and ε x for air, the waveguide, and the anisotropic medium, respectively. This analysis indicates that TE and TM modes in a planar waveguide sandwiched between air and an anisotropic medium can be analyzed independently, and the anisotropic medium can be simplified to a homogeneous medium with permittivity ε y and ε x , respectively, for these two modes. Now, considering the actual waveguide coupler's cross section, Fig. 7 shows the permittivity distribution along the x direction, where ε am is the permittivity of the anisotropic MM. The width of the waveguide is 2a with 2d separation at the coupling region, as shown in Fig. 7 .
By applying the coupled-mode theory on a rectangular waveguide directional coupler [30] , the coupling coefficients for TE and TM can be expressed as
where the field variation in the x direction is coshx inside the waveguide, with β as the propagation constant. p 0 and p am are the exponential decay coefficients in the region of permittivities ε 0 and ε am , respectively. As the coupling coefficient is very sensitive to material permittivity and its distribution in the coupling region, using anisotropic material as the dielectric spacer allows the construction of a mode-dependent coupler. However, based on a conventional anisotropic dielectric material, the anisotropy of the material cannot be dynamically modified. The electrically controllable permittivity tensor of the MM proposed here provides an enabling mechanism for tuning.
Two different configurations of 3D directional couplers based on the tunable MM are shown in Fig. 8 . To manipulate the coupling of the x-polarized EM wave of the guided fundamental mode, the layers of MM are oriented parallel to the x-z plane, whereas for y-polarization, the MM orientation will be along the y-z plane, as shown in Figs. 8(a) and 8(b) , respectively. Because of the evanescent field coupling between two waveguides, the coupling coefficient can be modeled using Eq. (12) .
By varying the Reε am from 0.067 to 3.8, the coupling coefficient obtained from Eq. (12) for both the TE and TM modes is shown in Fig. 9 .
It is very prominent from Fig. 9 that the variation of coupling coefficient with change of the permittivity of the dielectric spacer has stronger impact for the TM mode compared to the TE mode.
The top view schematic diagram of the proposed MMassisted photonic coupler (hyper-coupler) is shown in Fig. 10 . It can be fabricated based on silicon ridge waveguides on a SOI wafer. The two waveguides (as denoted by WG 1 and WG 2 ) have identical cross sections of 420 nm × 300 nm, and they are far apart from each other except for the coupling region. The space between the two waveguides within the coupling region is filled with the anisotropic MM. To characterize the proposed MMassisted coupler, the COMSOL Multiphysics software package is used, which is a numerical solver based on the 2D finiteelement method (FEM). For the x-polarized guided fundamental mode, the length of the coupling region is 5 μm, and the separation between the two waveguides is 90 nm. The anisotropic MM in the coupling region is oriented in such a way that ε x ε z ε T and ε y ε L . In the simulation, an x-polarized fundamental mode at 1550 nm wavelength is launched into port 1 of the coupler illustrated in Fig. 8(a) . For the application as a directional coupler, the output power from port 3 is ideally zero, and the total output power will split between port 2 and port 4.
In the absence of MM and considering air as the medium in the coupling region between the two waveguides, the x-polarized fundamental mode coupling coefficient at 1550 nm wavelength is approximately 0.0926/μm, corresponding to a coupling length of approximately 17 μm. Figure 11(a) shows that, after incorporating the MM into the gap between the two waveguides in the coupling region, the coupling coefficient is enhanced by more than threefold at 0.57 eV chemical potential, which reduces the length of the coupling region by the same factor. The power outputs from port 2 (P 2 ) and port 4 (P 4 ) for the MM-assisted coupler are shown in Fig. 11(b) , and are normalized by the input power from port 1 (P in ). It is prominent from Fig. 11 that, within the chemical potential range from 0.57 to 1.32 eV, the coupling coefficient reduces monotonically, and the optical signal completely switches from port 4 to port 2. Because of the index discontinuity at the interface between the MM and the surrounding air in the coupling region, optical scattering was introduced, which created approximately 10% insertion loss within the range of concern of graphene's chemical potential.
Thus, the maximum normalized coupling efficiency is slightly less than unity. Below 0.57 eV of chemical potential, even though the coupling coefficient shown in Fig. 11(a) is high, the coupling efficiency is very low because the MM is highly absorptive in this region. The normalized modal fields of even and odd modes at the cross section of the coupling region are shown in Figs. 12(a) and 12(b) , corresponding to chemical potential of 0.57 and 1.32 eV, respectively. The arrow stream indicates the field polarization of the modes.
Normalized electric field profiles of beam propagation through the directional coupler biased at 0.57 and 1.32 eV chemical potential are shown in Figs. 13(a) and 13(b) , respectively. At 0.57 eV chemical potential, more than 90% of the power from WG 1 is coupled to WG 2 because of the high coupling coefficient. However, at 1.32 eV chemical potential, the coupling coefficient is very low so that most of the power remains confined in WG 1 and emerges from output port 2. 
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Within the range of chemical potential between 0.57 and 1.32 eV, the monotonic change in coupling efficiency offers the capability of not only digital switching but also analog modulation of the output power between the two output ports through the modulation of the chemical potential, equivalent to a range of biasing voltage between 1.1 and 6 V in this example.
Similarly, consider the y-polarized fundamental mode of 1550 nm wavelength launched into port 1 of the coupler shown in Fig. 10(b) . Simulation results show that the length is 2.8 μm when the separation between the two waveguides is 60 nm. The anisotropic MM in the coupling region is oriented in such a way that ε y ε z ε T and ε x ε L .
In the absence of a MM and considering air as the surrounding medium in the coupling region between the two waveguides, the coupling coefficient is approximately 0.53/μm in this structure, corresponding to a coupling length of approximately 3 μm for the x-polarized fundamental mode, as shown in Fig. 14(a) . This figure also shows that after incorporating a MM into the gap between the two waveguides in the coupling region, the coupling coefficient is enhanced to approximately 0.58/μm at 0.5 eV chemical potential. The normalized power outputs from port 2 (P 2 ) and port 4 (P 4 ) as a function of the graphene chemical potential are shown in Fig. 12(b) . From the optical properties of the MM as shown in Fig. 2(b) , the imaginary part of the refractive index, which is directly proportional to the loss of the material, is almost negligible from 0.5 to 1.4 eV. Beyond this range, the loss increases drastically. Even though the coupling coefficient reduces monotonically for chemical potential higher than 0.4 eV, to avoid high coupling loss, we restrict our operation within the range of chemical potential from 0.5 to 1.4 eV, as shown in Fig. 14 marked between dashed lines. Within this region, a complete switch of output power from port 2 to port 4 cannot be achieved in this configuration. This is mainly because of the small variation of coupling coefficient over the range of chemical potential. As we theoretically predicted from Eq. (9), the coupling coefficient variation for the TE mode is smaller compared to the TM mode, as shown in Fig. 9 . The normalized modal fields for even and odd modes at the cross section of the coupling region are shown in Fig. 15 for chemical Normalized electric field profiles of beam propagation through the directional coupler biased at 0.5 and 1.4 eV chemical potential are shown in Figs. 16(a) and 16(b) , respectively. At 0.5 eV chemical potential, more than 85% of the power from WG 1 is coupled to WG 2 because of the high coupling coefficient. At 1.4 eV chemical potential, power partitioning into port 2 and port 4 becomes 32% and 62%, respectively.
CONCLUSION
We have theoretically investigated the properties of a uniaxial MM composed of periodically stacked monolayer graphene and nanometer-thick HfO 2 in the 1550 nm optical communications wavelength. As the in-plane permittivity of monolayer graphene (ε ∥ GR ) can be tuned via externally applied voltage, the anisotropic permittivity of this artificial MM along the transverse direction (ε T ) is also tunable. We have demonstrated a few applications of the proposed MM, such as a polarizer, a modulator, and a tunable directional coupler. Our prototype model of a polarizer shows a tunable extinction ratio between x-polarized and y-polarized EM waves at 1550 nm wavelength by changing the chemical potential of graphene via external application of voltage. Existing graphene-based polarizers [31, 32] have much lower extinction ratio without any tunable properties. Depending on its thickness the MM embedded in the middle of the SOI ridge waveguide provides a modulation of the x-polarized guided fundamental mode by switching the chemical potential between 0 and 0.8 eV. Comparing to the existing technology, commercially available and reported devices, such as microring resonator-based modulators [33, 34] , the device size is at least 3 times greater than our proposed modulator for the same level of performance. Additionally, implementing the proposed anisotropic MM as a dielectric spacer between two waveguides in the coupling region of a directional coupler provides tunable power splitting of a particular guided polarized mode based on the orientation of the MM. The existing technology-based coupler [22, 23, 35] has a fixed coupling coefficient, which depends on the physical structure of the devices. However, because of the existence of a tunable MM, we have full control on the coupling coefficient, and it can be varied by external application of voltage. (FA9550-16-1-0152 ).
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